We consider a forbidden structure condition that implies the existence of a large highly connected monochromatic subgraph. In a paper Fujita and Magnant (SIAM J. Discrete Math. 27 (2013), 1625-1637 proposed the following question: Let n, k, m be positive integers with n ≫ m ≫ k, and for what graphs G of order at least 3 such that there is a k-connected monochromatic subgraph of order at least n − f (G, k, m) in any rainbow G-free coloring of K n using m colors? Fujita and Magnant settled the above question when the rainbow subgraph G is connected. In this paper, we classify the disconnected graphs that satisfy this question. Namely, we prove that the set of such disconnected graphs is {(i − 2)K 2 ∪ G | G ∈ H (2) , i = 2, 3, . . .}, where the set H (2) consists of precisely P 3 ∪ P 4 , K 2 ∪ P 6 , K 2 ∪ K 3 , K 2 ∪ P + 4 and their subgraphs of order at least 3 with component number 2. Our result along with Fujita and Magnant's result completes the solution to the above Question. Furthermore, we show that for sufficiently large n, any rainbow G-free coloring of K n using m colors contains a k-connected monochromatic subgraph of order at least cn, where 0 < c < 1 and G ∈ {P 3 ∪ K 1,3 , P 3 ∪ K 3 , P 3 ∪ P 5 }. Finally, we show that every Gallai-3-coloring of K n contains a k-connected subgraph of order n − ⌊ k−1 2 ⌋ using at most two colors for all integers n ≥ 7 and 1 ≤ k ≤ 3.
Introduction
In this paper, we only consider edge-colorings of simple graphs. For an integer k ≥ 1, let c : E(G) → [k] be a k-edge-coloring (or simply, a k-coloring) of a graph G, where [k] := {1, 2, . . . , k}. Note that c is not necessarily a proper edge-coloring. A coloring of a graph is called rainbow if no two edges have the same color. A coloring of a graph is called monochromatic if all the edges have the same color. For convenient, we also use names of colors like "red", "blue" or "green".
It is easy to check that any 2-coloring of K n contains a 1-connected monochromatic subgraph, a spanning tree. In general, however, it is not possible to find a spanning monochromatic subgraph with higher connectivity for any 2-colored K n . For instance, consider a 2-coloring of K n using red and blue. If the monochromatic subgraph induced by red edges is a spanning star, only 1-connected, then the monochromatic subgraph induced by blue edges is a clique of order n − 1 which is not a spanning subgraph. Thus if we would like to find a monochromatic subgraph with higher connectivity, then we must be consider the subgraph with smaller order than K n . In 2008, Bollobás and Gyárfás [1] posed the following conjecture, in which they considered the monochromatic subgraph of order at least n − 2(k − 1). Conjecture 1.1. ( [1] ) If n > 4(k −1), then every 2-coloring of K n contains a monochromatic k-connected subgraph of order at least n − 2(k − 1).
In [4] , Fujita and Magnant proved that Conjecture 1.1 holds for n > 6.5(k − 1). Theorem 1.2. ( [4] ) If n > 6.5(k − 1), then every 2-coloring of K n contains a monochromatic k-connected subgraph of order at least n − 2(k − 1). Theorem 1.2 is the best until now result on Conjecture 1.1. Recently, Luczak [13] provided a proof of Conjecture 1.1, but Magnant [15] pointed out that there is a gap in the proof has been found and not yet fixed. Moreover, for more colors, we consider the almost spanning k-connected monochromatic subgraph defined as follows. Definition 1.3. ( [5] ) Given positive integers k and m, for sufficiently large n compared with k and m, an almost spanning k-connected monochromatic subgraph, denoted by ASM S(k), is a k-connected monochromatic subgraph of order at least n − f (k, m) in a colored K n using m colors, where f (k, m) is not depending n.
Furthermore, when we consider a coloring of K n using m colors, Liu, Morris and Prince [12] showed that the best result one could hope for would be a monochromatic k-connected subgraph of order n m−1 . Thus, to find an ASM S(k), we must be consider more additional restrictions on the coloring of K n , such as forbidden proper subgraphs [10] and forbidden rainbow subgraphs [5] . In [5] , Fujita and Magnant proposed the following question concerning a forbidden rainbow subgraph condition. Question 1.4. ( [5] ) Let n, k, m be positive integers with n ≫ m ≫ k. For what graphs G of order at least 3 does the following statement hold? In any rainbow G-free coloring of K n using m colors, there is an ASM S(k).
Let G be the set of connected graphs G such that G satisfies Question 1.4. Let H be the set of disconnected graphs H such that H satisfies Question 1.4. Fujita and Magnant proved that the set G consists of precisely K 3 , P 6 , P + 4 and their subgraphs of order at least 3, where P + 4 is the tree with degree sequence 1, 1, 1, 2, 3. More precisely, they showed the following results. In the following statement, a Gallai-m-coloring means a rainbow triangle-free coloring using m colors in honor of Gallai's work in [6] . Theorem 1.5. ( [5] ) Suppose m ≥ 3 and k ≥ 2. If n ≥ (m + 11)(k − 1) + 7klnk, then every Gallai-m-coloring of K n contains a k-connected monochromatic subgraph of order at least n − m(k − 1). Theorem 1.6. ( [5] ) Suppose k ≥ 1 and m ≥ max{ k 2 + 8, 15}. If n ≥ (m + 11)(k − 1) + 7klnk + 2m + 3, then every rainbow P 6 -free coloring of K n using m colors contains a kconnected monochromatic subgraph of order at least n − 7k + 2.
, then every rainbow G-free coloring of K n using m colors contains a k-connected monochromatic subgraph of order at least n − 3k + 2. Theorem 1.8. ( [16] ) Suppose k ≥ 1 and m ≥ 4. If n ≥ 2k − 1, then every rainbow P 5 -free coloring of K n using m colors contains a k-connected monochromatic subgraph of order at least n − k + 1.
In this paper, our main purpose is to describe the set H. For a graph G, the component number c 0 (G) is the number of components of G. For integers i ≥ 2, let H (i) denote the set of disconnected graphs H with c 0 (H) = i such that H satisfies Question 1.4. Clearly, H = i≥2 H (i) . Note that since we only consider edge-colorings, we will not consider the graphs with isolated vertices. In the following statement, for two graphs G and H, let G ∪ H denote the union of G and H, and nG denote the union of n disjoint copies of G. We have the following main result, which together with Fujita and Magnant's result about G completes the solution to Question 1.4.
and their subgraphs of order at least 3 with component number 2.
For other rainbow subgraph G / ∈ G ∪ H, such as K 1,4 , P 3 ∪ K 1,3 , P 3 ∪ K 3 or P 3 ∪ P 5 , the largest monochromatic k-connected (or connected) subgraph will not be almost spanning, but how large should it be? We prove the following results. Proposition 1.10. For m ≥ 4, any rainbow K 1,4 -free coloring of K n using m colors contains a connected monochromatic subgraph of order at least 3n 7 . Moreover, the bound is sharp when m = 7. Theorem 1.11. For n sufficiently larger than m and k, if G ∈ {P 3 ∪ K 1,3 , P 3 ∪ K 3 , P 3 ∪ P 5 }, then any rainbow G-free coloring of K n using m colors contains a k-connected monochromatic subgraph of order at least cn, where 0 < c < 1.
Moreover, instead of looking for monochromatic subgraphs, we try to find large 2-colored subgraphs in Gallai-3-colorings of complete graphs. In [3] , Fox, Grinshpun and Pach considered the Erdős-Hajnal conjecture for rainbow triangles and they proved that every Gallai-3coloring of K n contains a complete graph of order Ω(n 1/3 log 2 n) that uses at most two colors. In [17] , Wagner proved that every Gallai-3-coloring of K n contains a 2-colored subgraph that has chromatic number at least n 2/3 . In this paper, we consider the large k-connected subgraphs using at most two colors in Gallai-3-colorings and we prove the following theorem for 1 ≤ k ≤ 3. Theorem 1.12. For n ≥ 7 and 1 ≤ k ≤ 3, every Gallai-3-coloring of K n contains a kconnected subgraph of order n − ⌊ k−1 2 ⌋ using at most two colors.
Finally, we define some notation and terminology. For U ⊆ V (G), let G[U ] denote the subgraph of G induced by U , and let G − U denote the graph obtained from G by deleting all the vertices of U along with the edges incident to some vertex in U . For two graphs G and H, let G ⊆ H denote that G is a subgraph of H, and G ∨ H denote the join of G and H. For an edge uv, let c(uv) denote the color used on the edge uv. For U, V ⊆ V (G), let C(U, V ) (resp., C(U )) be the set of colors used on the edges between U and V (resp., within U ).
The remainder of this paper is organized as follows. In Section 2, we give the complete characterisation of H. In Section 3, we give the proofs of Proposition 1.10 and Theorem 1.11. In Section 4, we shall prove the Theorem 1.12. In Section 5, we conclude this paper by introducing the hypergraph version of Question 1.4 and presenting some related future works.
A classification of the set H
In this section, we first describe the set H (2) (Subsection 2.1). Then we give the complete characterisation of H (Subsection 2.2).
The set H (2)
First, if G 1 is a subgraph of G 2 , then any rainbow G 1 -free coloring of K n certainly contains no rainbow G 2 . Thus we have the following simple results.
Since G = {K 3 , P 3 , P 4 , P 5 , P 6 , K 1,3 , P + 4 } and by Propositions 2.1 and 2.2, the set H is a subset of the set of unions of disjoint graphs in {K 2 , K 3 , P 3 , P 4 , P 5 , P 6 , K 1,3 , P + 4 }.
Proposition 2.3. The set H (2) is a subset of P 3 ∪ P 4 , K 2 ∪ P 6 , K 2 ∪ K 3 , K 2 ∪ P + 4 and their subgraphs of order at least 3 with component number 2.
Proof. For the proof, we shall consider two colorings of K n shown in Fig. 2 .1, which contains no almost spanning k-connected monochromatic subgraph. Thus, every graph in H (2) should be a rainbow subgraph of both R 1 and R 2 .
, and all the edges within V 1 are colored with color 1 except for a rainbow matching using all the remaining colors. The graph
, such that B contains about n/2 vertices and A 1 , A 2 , . . . , A m−1 is approximately equal sizes. We color the edges of R 2 such that C(A i , B) = {i} for all 1 ≤ i ≤ m − 1 and all the remaining edges are colored with color m. Note that the largest monochromatic k-connected subgraph of R 1 and R 2 has order about 2n/3 and n 2 + n 2(m−1) , respectively. Let S = {K 2 , K 3 , P 3 , P 4 , P 5 , P 6 , K 1,3 , P + 4 }. In the rest of the proof, we consider eight different types of graphs that are possible in H (2) .
For Type 1, since every rainbow triangle is using colors 1, 2 and 3 in R 1 , thus 2K 3 / ∈ H (2) . Since every rainbow K 1,3 contains an edge with color 1 in R 1 , thus 2K 1,3 / ∈ H (2) , and so 2P + 4 / ∈ H (2) by Proposition 2.2. Since every rainbow P 4 contains an edge with color m in R 2 , thus 2P 4 / ∈ H (2) , and so 2P 5 , 2P 6 / ∈ H (2) by Proposition 2.2. Hence only 2P 3 and 2K 2 of Type 1 are possible in H (2) . For Type 2, it is easy to find the rainbow K 2 ∪ K 3 , K 2 ∪ P 6 and K 2 ∪ P + 4 in both R 1 and R 2 . Thus K 2 ∪ K 3 , K 2 ∪ P 6 , K 2 ∪ P + 4 along with their subgraphs of order at least 3 and component number 2 are possible in H (2) .
For Types 3, 4, 5 and 6, we first consider P 3 ∪ K 3 and P 3 ∪ K 1,3 . Since every rainbow triangle is colored by colors 1, 2 and 3 and the edges with colors in {4, 5, . . . , m} form a matching in R 1 , we have P 3 ∪ K 3 / ∈ H (2) , and thus P 4 ∪ K 3 , P 5 ∪ K 3 , P 6 ∪ K 3 / ∈ H (2) by Proposition 2.2. Since every rainbow K 1,3 contains colors 1 and 3 and every rainbow P 3 contains contains an edge with color 1 or color 3 in R 1 , we have P 3 ∪ K 1,3 / ∈ H (2) , and thus (2) by Proposition 2.2. Second, we consider P 3 ∪ P 5 . For the same reason with P 3 ∪ K 1,3 , we have P 3 ∪ P 5 / ∈ H (2) and so P 3 ∪ P 6 , P 4 ∪ P 5 , P 4 ∪ P 6 , P 5 ∪ P 6 / ∈ H (2) . Thus only P 3 ∪ P 4 is possible in H (2) . For Types 7 and 8, since
Lemma 2.4. Suppose m ≥ 4 and k ≥ 2. If n ≥ (m + 11)(k − 1) + 7klnk + 4, then every rainbow K 2 ∪ K 3 -free coloring of K n using m colors contains a k-connected monochromatic subgraph of order at least n − m(k − 1) (i.e., K 2 ∪ K 3 ∈ H (2) ).
Proof. Let G be a coloring of K n using m colors without rainbow K 2 ∪ K 3 , and suppose that there exist no k-connected monochromatic subgraph of order at least n − m(k − 1). By Theorem 1.5, there is a rainbow
Then there are at most three colors (colors 1, 2 and 3) can be used in
for avoiding a required monochromatic subgraph. Since there are m ≥ 4 colors are used in G and to avoid a rainbow K 2 ∪ K 3 , we may assume that c(v 1 v 4 ) = 4 without loss of generality. Then there exists no rainbow
But then there is a k-connected monochromatic subgraph of order at least n − 3(k − 1) > n − m(k − 1) by Theorem 1.5, a contradiction. By a similar argument as above, we can deduce that (2) by Theorems 1.6, 1.7 and 1.8. And by Proposition 2.1, all the subgraphs of K 2 ∪ P 6 , K 2 ∪ K 3 and K 2 ∪ P + 4 of order at least 3 and component number 2 are contained in H (2) . In the following, we shall consider P 3 ∪ P 4 .
, then every coloring of K n using m colors without rainbow P 3 ∪ P 4 contains a k-connected monochromatic subgraph of order at least n − 7k + 2 (i.e., P 3 ∪ P 4 ∈ H (2) ).
Proof. Let G be a rainbow P 3 ∪ P 4 -free coloring of K n using m colors, and suppose that the order of a k-connected monochromatic subgraph is at most n − 7k + 1. Then G contains a rainbow K 2 ∪ P 6 by a similar argument to Lemma 2.4 using Theorem 1.6. Without loss of generality, let H be a rainbow copy of
Firstly, we consider the colors on edges between
From the above discussion, we can deduce the following result concerning H (2) . Theorem 2.6. The set H (2) consists of precisely P 3 ∪ P 4 , K 2 ∪ P 6 , K 2 ∪ K 3 , K 2 ∪ P + 4 and their subgraphs of order at least 3 with component number 2.
The set H
Firstly, we have the following result generalizing Lemma 2.4.
Proof. We only prove that αK 2 ∪ K 3 ∈ H, and the proof of other cases are similarly. In fact, we shall prove that for m ≥ α+3 and k ≥ 2, if n ≥ (m+11)(k−1)+7klnk+α 2 +3α then every rainbow αK 2 ∪ K 3 -free coloring of K n using m colors contains a k-connected monochromatic subgraph of order at least n − m(k − 1). We proceed by induction on α. For the case α = 1, the assertion holds by Lemma 2.4. Assume that the result is true for all α ′ ≤ α − 1 and we consider αK 2 ∪ K 3 in the following.
For a contradiction, suppose that G is a rainbow αK 2 ∪ K 3 -free coloring of K n using m colors in which every k-connected monochromatic subgraph contains at most n − m(k − 1) − 1 vertices. Then G contains a rainbow (α − 1)K 2 ∪ K 3 , say using vertices v 1 , v 2 , . . . , v 2α+1 and colors 1, 2, . . . , α + 2. In order to avoid a rainbow αK 2 ∪ K 3 , we have
. . , v 2α+1 }, say using vertices u 1 , u 2 , . . . , u 2α+1 . Since there are m ≥ α + 3 colors in total and to avoid a rainbow αK 2 ∪ K 3 , colors α + 3, α + 4, . . . , m can only be used on the edges between {v 1 , v 2 , . . . , v 2α+1 } and {u 1 , u 2 , . . . , u 2α+1 },
which implies that there is a required k-connected monochromatic subgraph by induction hypothesis.
By a similar argument as above, we can derive the following result.
and their subgraphs of order at least 3 with component number 3.
Proof. Let
We may consider eight different types of graphs:
Firstly, by Theorem 2.6 and Proposition 2.2, we have the following simple fact.
For Type 1, by Proposition 2.8, we have that {K 2 ∪G | G ∈ H (2) } ⊆ H (3) . By Propositions 2.2, 2.8 and Fact 2.10, there is no graph in Type 2 and only 3P 3 , 2P 3 ∪ P 4 is possible in Type 3. Since every rainbow P 3 contains an edge with color 1 or color 3 in R 1 shown in Fig. 2.1 , there is no rainbow 3P 3 , and thus 3P 3 , 2P 3 ∪ P 4 / ∈ H (3) . For Types 4, 5, 6, 7 and 8, combining with the graphs in Types 1, 2 and 3, there is no graph in Types 4, 5, 6, 7 and 8 by Fact 2.10 and Proposition 2.2. The result follows.
From the above discussion, we can deduce that H (2) ∪H (3) consists of precisely K 2 ∪P 3 ∪P 4 , 2K 2 ∪ P 6 , 2K 2 ∪ K 3 , 2K 2 ∪ P + 4 and their subgraphs of order at least 3 with component number 2 or 3. In general, we can derive that
Moreover, since H = i≥2 H (i) , we have the following result.
3 Proofs of Proposition 1.10 and Theorem 1.11
We first state some known results which will be used in the proofs of our main results. A local m-coloring is an edge-coloring in which for every vertex the edges incident to it have at most m distinct colors. In [8] , Gyárfás and Sárközy proved the following result. Now Proposition 1.10 follows from Lemma 3.5 immediately. For the sharpness when m = 7, consider the following rainbow K 1,4 -free coloring of K n with seven colors. Let G be a 7-coloring of K n with V (G) = V 1 ∪ V 2 ∪ · · · ∪ V 7 , such that each of V 1 , V 2 , . . . , V 7 contains about n/7 vertices. Firstly, we consider a Fano plane F with seven points {a 1 , a 2 , . . . , a 7 } and seven lines {e 1 , e 2 , . . . , e 7 } such that e 1 = {a 1 , a 2 , a 3 }, e 2 = {a 3 , a 4 , a 5 }, e 3 = {a 1 , a 6 , a 5 }, e 4 = {a 2 , a 7 , a 5 }, e 5 = {a 3 , a 7 , a 6 }, e 6 = {a 1 , a 7 , a 4 } and e 7 = {a 2 , a 4 , a 6 }. Then for any 1 ≤ i < j ≤ 7, we color the edges between V i and V j using color t iff both a i and a j are contained in the line e t in F . Finally, let c(V 1 ) = 1, c(V 2 ) = 4, c(V 3 ) = 5, c(V 4 ) = 2, c(V 5 ) = 3, c(V 6 ) = 7 and c(V 7 ) = 6. It is easy to check that G is rainbow K 1,4 -free and the largest connected monochromatic subgraph has order 3n 7 . In the following, we will use Proposition 1.10 to prove a result about rainbow P 3 ∪K 1,3 -free coloring of K n . Notice that in the remainder of this section, since we only consider rainbow G-free coloring of K n for some G and a (|E(G)| − 1)-coloring certainly contains no rainbow G which is trivial, we shall assume that the number of colors should be greater than or equal to |E(G)|. Theorem 3.6. For n ≥ 42 and m ≥ 5, any rainbow P 3 ∪ K 1,3 -free coloring of K n using m colors contains a connected monochromatic subgraph of order at least 3n 7 .
Proof. For a contradiction, let G be a rainbow P 3 ∪ K 1,3 -free coloring of K n using m colors, and suppose that the largest connected monochromatic subgraph has order at most 3n 7 − 1. If there is a rainbow K 1,5 , denoted by H, in G, then there is only a single color can be used on the edges of G[V (G) \ V (H)] for avoiding a rainbow P 3 ∪ K 1,3 . Then G[V (G) \ V (H)] is a monochromatic complete graph of order n − 6, a contradiction. Thus, there is no rainbow K 1,5 in G, which implies for every vertex the edges incident to it have at most four distinct colors in G.
Claim 3.7. G is a rainbow K 1,4 -free coloring of K n .
Proof. For a contradiction, suppose that there is a rainbow K 1,4 in G with vertex set U = {a, b 1 , b 2 , b 3 , b 4 } and c(ab i ) = i for 1 ≤ i ≤ 4. If there is an edge of G − U using color t for some t ∈ {5, 6, . . . , m}, then G − U is a monochromatic K n−5 using color t in order to avoid a rainbow P 3 ∪ K 1,3 , a contradiction. Thus C(G − U ) ⊆ {1, 2, 3, 4}. We divide the rest of the proof into two cases based on the edges with colors in {5, 6, . . . , m}.
Without lose of generality, let c(b 1 c) = 5 for some vertex c ∈ V (G) \ U . In this case, there is no edge using color 1 between c and V (G) \ {a, b 1 , b 2 , b 3 , b 4 , c} for avoiding a rainbow 4 , c})| ≤ 2, then there is a monochromatic star centered at c of order at least n−6 2 + 1 ≥ 3n 7 , a contradiction. Thus we may assume that
In order to avoid a connected monochromatic subgraph of order at least 3n 7 , we have |V i | ≤ 3n 7 − 2 for 1 ≤ i ≤ 3, and thus |V i | ≥ n − 6 − 2( 3n 7 − 2) ≥ 4. If there exists an edge using color 1 between the parts V 1 , V 2 and V 3 , say c(u 1 u 2 ) = 1 with u 1 ∈ V 1 and u 2 ∈ V 2 , then for any v ∈ V 2 \ {u 2 } we have c(u 1 v) = 1 to avoid a rainbow P 3 ∪ K 1,3 . Thus C(u 1 , V 2 ) = {1}, and similarly C(u 2 , V 1 ) = {1}. Then there is a monochromatic double star of order at least n − 6 − ( 3n 7 − 2) ≥ 3n 7 , a contradiction. Therefore, there is no edge with color 1 between the three parts V 1 ,
, then there is a monochromatic connected subgraph of order at least n−6 2 ≥ 3n 7 by Lemma 3.1, a contradiction. Thus we may further assume that c(xy) = 1, where x, y ∈ V 1 . But then for any vertex v ∈ V 2 , we have c(xv) / ∈ {1, 2, . . . , m}, a contradiction.
Without lose of generality, let c(b 1 b 2 ) = 5. In this case, there are at least three distinct colors between b 1 and G \ U , since otherwise there is a monochromatic star centered at b 1 of order at least n−5 2 + 1 ≥ 3n 7 , a contradiction. Since G is rainbow k 1,5 -free and by Case 1, we have 1 ∈ C(b 1 , G \ U ) ⊂ {1, 2, 3, 4}. If C(b 1 , G \ U ) = {1, 3, 4}, then there is a rainbow K 1,4 with vertices b 1 , b 2 and three distinct vertices in G \ U using colors 5, 1, 3, and 4. Since c(b 2 a) = 2, we can derive a contradiction by a similar argument to Case 1 (replacing color 2 and color 5). Thus,
By Claim 3.7 and Proposition 1.10, there is a monochromatic connected subgraph of order at least 3n 7 in G. The result follows.
Theorem 3.8. For m ≥ 5, any rainbow P 3 ∪ K 3 -free coloring of K n using m colors contains a connected monochromatic subgraph of order at least n−3 3 .
Proof. Let G be a rainbow P 3 ∪ K 3 -free coloring of K n using m colors, and suppose that G contains no connected monochromatic subgraph of order at least n−3 3 . Since K 2 ∪ K 3 ⊆ H, there is a rainbow K 2 ∪ K 3 in G, say using vertices a 1 , a 2 , a 3 , b 1 , b 2 , c(a 1 a 2 ) = 1, c(a 2 a 3 ) = 2, c(a 3 a 1 ) = 3 and c(b 1 b 2 ) = 4. If C(G−{a 1 , a 2 , a 3 }) ⊆ {1, 2, 3, 4}, then there is a connected monochromatic subgraph of order at least n−3 3 by Lemma 3.1, a contradiction. Thus we may assume that C(G−{a 1 , a 2 , a 3 })∩{5, 6, . . . , m} = ∅. Since G contains no rainbow P 3 ∪ K 3 , we have that for any two edges e 1 , e 2 ∈ E(G − {a 1 , a 2 , a 3 }) with 4 ≤ c(e 1 ) < c(e 2 ) ≤ m, e 1 and e 2 are non-adjacent. Let U = {v ∈ V (G−{a 1 , a 2 , a 3 })|v is incident to an edge using color 4} and V = V (G−{a 1 , a 2 , a 3 })\U . Then C(U, V ) ⊆ {1, 2, 3}, and there is a connected monochromatic subgraph of order at least |U |+|V | 3 = n−3 3 by Lemma 3.2, a contradiction.
Theorem 3.9. For m ≥ 6, any rainbow P 3 ∪ P 5 -free coloring of K n using m colors contains a connected monochromatic subgraph of order at least n−6 3 .
Proof. For a contradiction, suppose G is a rainbow P 3 ∪ P 5 -free coloring of K n using m colors and there exists no connected monochromatic subgraph of order n−6 3 . Since K 2 ∪ P 6 ⊆ H, there is a rainbow K 2 ∪ P 6 in G, say using vertices v 1 , v 2 , . . . , v 8 such that c(v i v i+1 ) = i for 1 ≤ i ≤ 5 and c(v 7 v 8 ) = 6. If C(G − {v 1 , v 2 , . . . , v 6 }) ⊆ {2, 3, 4, 6}, then there is a connected monochromatic subgraph of order at least n−6 3 by Lemma 3.1, a contradiction. Thus we may assume that C(G − {v 1 , v 2 , . . . , v 6 }) ∩ ({1, 2, . . . , m} \ {2, 3, 4, 6}) = ∅. For any two edges e 1 , e 2 ∈ E(G − {v 1 , v 2 , . . . , v 6 }) with c(e 1 ) = 6 and c(e 2 ) ∈ {1, 2, . . . , m} \ {2, 3, 4, 6}, e 1 and e 2 are non-adjacent in order to avoid a rainbow P 3 ∪P 5 . Let U = {v ∈ V (G−{v 1 , v 2 , . . . , v 6 })|v is incident to an edge using color 6} and V = V (G−{v 1 , v 2 , . . . , v 6 })\U . Then C(U, V ) ⊆ {2, 3, 4}, and there is a connected monochromatic subgraph of order at least |U |+|V | 3 = n−6 3 by Lemma 3.2, a contradiction. If we consider k ≥ 2, then for n sufficiently large and G ∈ {P 3 ∪ K 3 , P 3 ∪ K 1,3 , P 3 ∪ P 5 }, we can prove that there is a k-connected monochromatic subgraph of order O(n) in every rainbow G-free coloring of K n . Since the proofs of P 3 ∪ K 3 , P 3 ∪ K 1,3 and P 3 ∪ P 5 are similarly, we only give the proof of P 3 ∪ K 3 and omit the other cases. Note that we have not tried to optimize the bound on n and the order of the k-connected monochromatic subgraph in the following result, since our aim is to show that the largest k-connected monochromatic subgraph has order at least O(n). Theorem 3.10. For m ≥ 5, k ≥ 2 and n ≥ 99k 2 m 2 , any rainbow P 3 ∪ K 3 -free coloring of K n using m colors contains a k-connected monochromatic subgraph of order at least n 26 .
Proof. For a contradiction, suppose that G is a rainbow P 3 ∪ K 3 -free coloring of K n without k-connected monochromatic subgraph of order at least n 26 . Since K 2 ∪ K 3 ⊆ H, we may further assume that there is a rainbow K 2 ∪ K 3 in G, otherwise there would be a k-connected almost spanning monochromatic subgraph of order at least n − m(k − 1) ≥ n 26 . Let H be a copy of rainbow K 2 ∪ K 3 in G with V (H) = {a 1 , a 2 , a 3 , b 1 , b 2 }, c(a 1 a 2 ) = 1, c(a 2 a 3 ) = 2, c(a 3 a 1 ) = 3 and c(b 1 b 2 ) = 4.
We first have the following simple observation attained by setting ǫ = 1 4 and m ≥ 4 in Lemma 3.3. Fact 3.11. If m ≥ 4, k ≥ 2 and n ≥ 99k 2 m 2 , then in any m-coloring of K n , there is a k-connected monochromatic subgraph of order at least n m−1 − 11 8 k 2 m.
If C(G−{a 1 , a 2 , a 3 }) ⊆ {1, 2, 3, 4}, then by Fact 3.11 there is a k-connected monochromatic subgraph of order at least n−3
, v is incident to an edge using color i} for 4 ≤ i ≤ m, and let U m+1 = V (G − {a 1 , a 2 , a 3 }) \ ( m i=4 U i ). Then U 4 = ∅ and at least one of U 5 , U 6 , . . . , U m is non-empty. Let U i 1 , U i 2 , . . . , U it be all the non-empty sets of U 4 , U 5 , . . . , U m+1 and 2 ≤ t ≤ m − 2. Note that the edges between the t parts are colored by colors 1, 2 and 3 for avoiding a rainbow P 3 ∪ K 3 , and C(U i ) ⊆ {1, 2, 3, i} for all 4 ≤ i ≤ m. Then each U j (j ∈ {i 1 , i 2 , . . . , i t }) satisfies |U j | < n 8 , since otherwise there would be a kconnected monochromatic subgraph of order at least |U j | 4−1 − 11 8 · k 2 · 4 ≥ n 26 using Fact 3.11 and by n ≥ 99k 2 m 2 ≥ 2475k 2 . If t ≤ 8, then |V (G − {a 1 , a 2 , a 3 })| ≤ t · ( n 8 − 1) ≤ n − 8 < n − 3, a contradiction. Thus, t ≥ 9.
We now choose a subset L ⊆ {1, 2, . . . , t} such that A = l∈L U i l and B = h∈{1,2,...,t}\L U i h satisfy (1) |A| ≥ |B|;
(2) |A| − |B| is minimum subject to (1) . In this section, we consider the large k-connected subgraphs using at most two colors in every Gallai-3-coloring of complete graphs. By the following example we know that the largest k-connected subgraphs using at most two colors has order at most n − ⌊ k−1
It is easy to see that G is a Gallai-3-coloring of K n , and the largest k-connected subgraph using at most two colors has order n − ⌊ k−1 2 ⌋. In light of this example, we conjecture the following.
Conjecture 4.1. For k ≥ 1 and n sufficient large, every Gallai-3-coloring of K n contains a k-connected subgraph of order n − ⌊ k−1 2 ⌋ using at most two colors. However, since this conjecture seems to be difficult for general k, we shall mainly focus on some special cases. In particular, we shall be able to prove this conjecture is true for 1 ≤ k ≤ 3. For this purpose, we will use the following structural result concerning Gallaicolorings of complete graphs given by Gallai [6] in 1967. ) In any Gallai-coloring of a complete graph, there exists a partition V 1 , V 2 , . . . , V l (l ≥ 2) of the vertices such that between the parts, there are a total of at most two colors, and between every pair of parts, there is only one color on the edges.
We now state and prove two lemmas that imply Theorem 1.12 immediately. Lemma 4.3. For n ≥ 7, every Gallai-3-coloring of K n contains a 2-connected subgraph of order n using at most two colors.
Proof. Let G be a Gallai-3-coloring of K n and suppose for a contradiction that G contains no 2-connected spanning subgraph using at most two colors. We first prove the following claim concerning every 3-coloring of K n . C(c 2 , A) ⊆ {red, green} holds once again. But then G contains a 3-connected subgraph using red and green of order n, a contradiction. Thus c 2 b cannot be colored by red, and so c(c 2 b) is blue. In order to avoid a rainbow triangle, we also have C(c 2 , A) ⊆ {blue, green}. Since G[A] is a Gallai-3-coloring of K |A| , there exists a color which spans a connected subgraph by Theorem 4.2. If such a color is green or red, then G \ {c 2 } contains a 3-connected subgraph using green and red of order n − 1, a contradiction. Thus this color is blue, but then G \ {c 1 } contains a 3-connected subgraph using blue and green of order n − 1, a contradiction.
Hence |B| = 2, say B = {b 1 , b 2 }. There exists at least one edge using red or blue between B and C, say c(c 1 b 1 ) = red. Then c(c 1 , A) ⊆ {red, green} to avoid a rainbow triangle. If c(c 1 b 2 ) is red or green, then G \ {c 2 } contains a 3-connected subgraph using red and green of order n − 1, a contradiction. Thus c(c 1 b 2 ) is blue. In order to avoid a rainbow triangle, we have that c(c 1 , A) is green. But then then H \ {c 2 } is disconnected, contradicting the fact that H is 2-connected. The proof of Lemma 4.5 is complete.
Concluding Remarks

Hypergraph version of Question 1.4
In this paper, we mainly consider the solution of Question 1.4. This question can naturally be extended to hypergraphs. A hypergraph is k-connected if the removal of any set of at most k − 1 vertices leaves behind a connected hypergraph. In [15] , the author suggested the following question. Let G be the set of hypergraphs G such that G satisfies Question 5.1. A Berge triangle is a hypergraph with at least 4 vertices and three distinct edges e 1 , e 2 , e 3 such that there exist three vertices, say a, b, c, with a, b ∈ e 1 , b, c ∈ e 2 and c, a ∈ e 3 . Recently, Magnant [15] showed that the Berge triangles are in G, and that is all we know for hypergraphs in G. A classification of the graphs in G would be a interesting problem.
Long monochromatic paths and cycles
In Section 3, we show that for sufficiently large n and m, any rainbow G-free coloring of K n using m colors contains a connected monochromatic subgraph of order at least cn, where 0 < c < 1 and G ∈ {K 1,4 , P 3 ∪ K 1,3 , P 3 ∪ K 3 , P 3 ∪ P 5 }. Instead to find a connected monochromatic subgraph, it will also be interesting to looking for a long monochromatic paths or cycles in colored complete graphs. Using a result by Erdős and Gallai [2] that for an integer k ≥ 2 and a graph G on n vertices with |E(G)| > k−1 2 n there is a path P k+1 in G, we prove the following result.
Proposition 5.2. Let G be an m-coloring of K n and for any non-negative integers a 1 , a 2 , . . . , a m with m i=1 a i ≤ n + 2m − 2, G contains a monochromatic copy of P a i in color i for some i ∈ [m].
Proof. For v ∈ V (G) and i ∈ [m], let d i (v) denote the number of edges incident to v using color i. Then for any v ∈ V (G), we have
and thus there exists an i ∈ [m] such that d i (G) > a i − 2. Then G contains 1 2 v∈V (G) d i (v) = n 2 d i (G) > a i −2 n edges using color i. By Erdős and Gallai's result, G contains a monochromatic copy of P a i in color i.
By Proposition 5.2, there is a monochromatic copy of P t with t ≥ ⌊ n+2m−2 m ⌋ = ⌊ n−2 m ⌋ + 2 in any m-coloring of K n . For monochromatic cycles, Kano and Li [9] showed that there is a monochromatic cycle of length at least ⌈ n m ⌉ in any m-coloring of K n . It is natural to try to find the long paths or cycles in the coloring of K n in which we forbidden some rainbow subgraphs.
